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We show that an effective Abelian gauge theory can be obtained as a renormalizable
theory from QCD in the maximal Abelian gauge. The derivation improves in a systematic
manner the previous version that was obtained by one of the authors and was referred to
as the Abelian-projected effective gauge theory. This result supports the view that we can
construct an effective Abelian gauge theory from QCD without losing characteristic features
of the original non-Abelian gauge theory. In fact, it is shown that the effective coupling
constant in the resulting renormalizable theory has a renormalization-scale dependence gov-
erned by the β-function that is exactly the same as that of the original Yang-Mills theory,
irrespective of the choice of gauge fixing parameters of the maximal Abelian gauge and the
parameters used for identifying the dual variables. Moreover, we evaluate the anomalous di-
mensions of the fields and parameters in the resultant theory. By choosing the renormalized
parameters appropriately, we can switch the theory into an electric or a magnetic theory.
§1. Introduction
It is widely believed that quantum chromodynamics (QCD) as a non-Abelian
gauge theory with color gauge group SU(3) can describe quark and gluon confine-
ment and more generally color confinement, although there is no rigorous proof to
this time. Various physical phenomena that we can observe in experiments should
be gauge independent. However, the quantized gauge field theory is consistently
formulated only in gauge-fixed form, at least in the continuum formulation, in con-
trast to the lattice formulation. Even QCD is not an exception. Therefore, the
continuum QCD with a gauge-fixing term and the associated Faddeev-Popov (FP)
ghost term can be written only in a specific (although arbitrary) gauge. Tradi-
tionally, the Lorentz gauge ∂µA
µ = 0 has been extensively examined as a manifest
covariant gauge, perhaps because quantum electrodynamics (QED) was successfully
formulated in this gauge. Therefore there are numerous works on the Lorentz gauge.
However, it turns out that the Lorentz gauge in the non-Abelian gauge theory is
plagued by Gribov ambiguities. It is not clear how the color confinement criteria
in the Lorentz gauge are compatible with intuitive pictures of quark confinement
represented by the dual superconductor picture 1) and QCD strings.
The developments in the understanding of quark confinement in the last decade 2)
∗) E-mail: kondo@cuphd.nd.chiba-u.ac.jp
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indicate that, within the present technology, the maximal Abelian (MA) gauge 4)
realizing the idea of the Abelian projection 3) seems to be the most promising gauge
in which the dual superconductor picture of QCD vacuum could be derived directly
from QCD. Abelian dominance in the low-energy region of QCD has been confirmed.
This was conjectured in Ref. 5) and its discovery, based on lattice simulations, was
reported in Ref. 6). Moreover, the MA gauge is expected to be free from the Gribov
problem, due to its nonlinearity.
In a previous paper, 7) we derived an effective Abelian gauge theory directly from
QCD in the MA gauge by integrating out all the off-diagonal fields. The resulting
theory is called the Abelian-projected effective gauge theory (APEGT). This deriva-
tion supports the view that one can construct an effective Abelian gauge theory from
QCD without losing characteristic features of the original non-Abelian gauge theory.
In fact, it was shown 8), 7) that the effective coupling constant g(µ) in the APEGT has
a renormalization scale µ dependence governed by the β-function β(g) = µdg(µ)dµ that
is exactly the same as that of the original Yang-Mills theory, exhibiting asymptotic
freedom. These results suggest in the analytical approach the Abelian dominance in
the low-energy region of QCD. Investigations along this direction have been carried
out by one of the authors and his collaborators. 9), 10), 11), 12), 13), 14), 15)
In the derivation of the APEGT, 7) we have introduced an auxiliary anti-symmetric
tensor field Bµν to convert the quartic off-diagonal gluon interaction into a quadratic
form in the off-diagonal gluon fields. This procedure enabled us to perform the inte-
gration over the off-diagonal gluons exactly for the gauge group G = SU(2). More-
over, the Abelian tensor field Bµν can be regarded as a Hodge dual of a composite
field that consists of the electric field (gauge potential). This viewpoint becomes
quite important in obtaining the dual theory, which is expected to be the dual
Ginzburg-Landau theory (see Ref. 7)).
However, there was an ambiguity as to the identification of the dual field Bµν .
In fact, the resulting APEGT can depend on how the Bµν is identified as the dual,
although two choices were considered in the previous paper. 7) Moreover, the resulting
APEGT does not have a renormalizable form in the sense that the integration (or
radiative correction) induces new terms which are absent in the original Lagrangian.
The failure of preserving renormalizability implies the impossibility of performing a
systematic evaluation based on the APEGT.
In this paper, we remove this ambiguity and the difficulty mentioned above by
deriving a renormalizable APEGT. This renormalizable APEGT has a definite mean-
ing irrespective of manner in which Bµν is identified. The renormalizable APEGT
presents a promising way for performing higher-order calculations, e.g., recovery of
the two-loop β-function of the original Yang-Mills theory based on the APEGT (see
Ref. 16)). In this sense, this paper supplements and improves the previous work. 7)
In this paper, it is shown that the β-function of the original Yang-Mills theory is
obtained in the APEGT, irrespective of the choice of gauge-fixing parameters for the
MA gauge and also of the parameters introduced for identifying the dual variables.
Moreover, we calculate the anomalous dimensions for the diagonal (Abelian) fields.
The renormalization-group functions obtained in this way determine the scaling be-
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havior of the vertex function in the APEGT.
This paper is organized as follows. In §2, we introduce the MA gauge fixing in the
Yang-Mills theory and discuss how we can identify the dual Abelian variables in the
APEGT, which will be obtained in the final step. In §3, we explain the meaning of
APEGT and its renormalizability. In §4, we explain the procedure of renormalization
(at the one-loop level) to obtain the renormalizable APEGT. Then we give the
Feynman rule in the framework of the renormalized perturbation theory. Finally,
we evaluate the renormalization group β-function and the anomalous dimensions.
In the final section we give the conclusion of the paper and discuss the issues to be
clarified in the future.
§2. Lagrangian in the MA gauge
2.1. The gauge invariant part
The Yang-Mills Lagrangian is given by
LYM = −
1
4
(
FAµν
)2
, (1)
where FAµν is the non-Abelian field strength defined by
FAµν = ∂µA
A
ν − ∂νA
A
µ + gf
ABCABµA
C
ν . (2)
Now we consider the decomposition of the non-Abelian gauge fields into diagonal
and off-diagonal components. In the following we distinguish the indices as follows:

A,B,C, · · · → SU(N),
i, j, k, · · · → U(1)N−1 (diagonal),
a, b, c, · · · → SU(N)/U(1)N−1 (off-diagonal).
(3)
We write the decomposition of the gauge potential into the diagonal and off-diagonal
components as
Aµ = A
A
µT
A = AiµT
i +AaµT
a. (4)
First, the Yang-Mills Lagrangian is decomposed as
LYM = L
(i)
YM + L
(a)
YM, L
(i)
YM = −
1
4
(
F iµν
)2
, L
(a)
YM = −
1
4
(
Faµν
)2
. (5)
Next, we introduce the auxiliary tensor field Biµν of rank two in such a way that
the L
(i)
YM piece is recovered after the B
i
µν is integrated out. Suppose B
i
µν is anti-
symmetric in the indices µ and ν and takes values in the Cartan subalgebra; that is,
Biµν is an anti-symmetric Abelian tensor field.
∗) We would like to identify Biµν with
∗) We could start from the BF-YM theory by introducing the non-Abelian anti-symmetric tensor
Bµν as the Hodge dual of Fµν , as discussed in Refs. 17) and 7). However, this approach does not
lead to a renormalizable result in the sense explained below.
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the Hodge dual∗) of the Abelian tensor field Qiµν ,
∗Qiµν :=
i
2
ǫµνρσQ
ρσi, (6)
which is assumed to be a composite operator constructed from the gauge potential
AAµ , i.e.,
Biµν = i
∗Qiµν . (7)
Therefore, Qiµν should be a U(1)
N−1 invariant anti-symmetric tensor written in terms
of the gauge potential AAµ . The simplest choice for Q
i
µν is a linear combination of
f iµν and f
ibcAbµA
c
ν with two parameters ρ and σ, since Q
i
µν is expected to be at most
quadratic in the gauge potential from the renormalizability:
Qiµν = ρf
i
µν + σgf
ibcAbµA
c
ν
= ρ(∂µA
i
ν − ∂νA
i
µ) + σgf
ibcAbµA
c
ν . (8)
The advantages of this choice will be clarified shortly. The diagonal piece of the YM
Lagrangian is expanded as
L
(i)
YM = −
1
4
[
f iµν + gf
ibcAbµA
c
ν
]2
= −
1
4
(
f iµν
)2
−
1
2
gf iµνf
ibcAµbAνc −
1
4
g2
(
f ibcAbµA
c
ν
)2
. (9)
Thus the simplest form satisfying (7) and (8) is given by
L
(i)
YM = −
1− ρ2
4
(
f iµν
)2
−
1− ρσ
2
gf iµνf
ibcAµbAνc −
1− σ2
4
g2
(
f ibcAbµA
c
ν
)2
−
1
4
(
Biµν
)2
+
i
2
Biµν
∗Qµνi. (10)
In particular, when ρ = σ, Qiµν is nothing but the diagonal component of the non-
Abelian field strength, Qiµν = ρF
i
µν , and hence B
i
µν = iρ
∗F iµν . In view of this,
the choice (8) is a generalization of that of the previous paper, 7) in which two
special cases, ρ = σ = 1 and ρ = 0, σ = 1, are discussed (Eqs. (2.9) and (2.12),
respectively). 7) The latter case was first discussed by Quandt and Reinhardt. 8)
On the other hand, by defining the covariant derivative with respect to the
Abelian gauge field,
DµΦ
A :=
(
∂µδ
AB + gfAiBAiµ
)
ΦB, (11)
the off-diagonal piece can be rewritten as
L
(a)
YM = −
1
4
[
DµA
a
ν −DνA
a
µ + gf
abcAbµA
c
ν
]2
. (12)
∗) The definition of the Hodge dual (6) used in this paper differs from the conventional one by
the factor of the imaginary unit i ≡ √−1.
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2.2. Maximal Abelian gauge fixing
By making use of the Becchi-Rouet-Stora-Tyutin (BRST) transformation δB,
the gauge fixing and Faddeev-Popov (FP) ghost term is obtained as
LGF+FP = −iδBG, G = C¯
a
(
F a +
α
2
φa
)
+ C¯i
(
F i +
β
2
φi
)
, (13)
for the gauge fixing condition F a of the off-diagonal piece and F i of the diagonal
piece with gauge fixing parameters α and β, where C¯A is the anti-ghost field and φA
is the Nakanishi-Lautrup (NL) Lagrange multiplier field. We adopt the MA gauge
for the off-diagonal piece,
F a = DµAaµ, (14)
whereas the Lorentz gauge is chosen for the diagonal piece,
F i = ∂µAiµ. (15)
Here, the BRST transformation is given by
δBA
A
µ = (DµC)
A,
δBC
A = −
g
2
fABCCBCC ,
δBC¯
A = iφA,
δBφ
A = 0. (16)
It should be remarked that the covariant derivative Dµ := Dµ[A
i] is defined for the
diagonal gauge field Aiµ as
DµΦ
a :=
(
∂µδ
ab + gfaibAiµ
)
Φb, (17)
while we define
(DµΦ)
A := (∂µδ
AC + gfABCABµ )Φ
C = (DµΦ)
A + gfAbCAbµΦ
C . (18)
Thus we obtain
LGF+FP =
α
2
(φa)2 + φaF a + iC¯aD2Ca − ig2fabif icdC¯aAbµA
µcCd
+igfabcC¯aDµ(AbµC
c) + iC¯agfabiF bCi
+
β
2
(φi)2 + φiF i + iC¯i∂2Ci + iC¯i∂µ(gf ibcAbµC
c). (19)
§3. The meaning of the renormalizability of the APEGT
In order to confirm the necessity of the new parameters ρ and σ introduced in
Eq. (8), we first deal with the case of choosing the parameters ρ = 0 and σ = 1
at the tree level of the Lagrangian (10). Moreover, to simplify the discussion, we
consider the SU(2) case. Then our Lagrangian is given by
L = Linv[aµ, Bµν , A
a
µ] + LGF+FP[aµ, A
a
µ, C¯
A, CA], (20)
6 Renormalizable Abelian-Projected Effective Gauge Theory
(a)
(b) (c)
Fig. 1. Graphs corresponding to undesirable (nonrenormalizable) divergences. Here (a) is the quar-
tic gluon interaction, (b) is the bilinear interaction of aµ and Bµν , and (c) is the quartic ghost
interaction. The slowly and rapidly vibrating wavy lines correspond respectively to the diagonal
gluon aµ and to the off-diagonal gluon A
a
µ, while the zig-zag line corresponds to the auxiliary
field Bµν . The broken line denotes the ghost or anti-ghost.
where Linv is the gauge invariant part of the Lagrangian,
Linv = −
1
4
(fµν)
2 −
1
4
(Bµν)
2 −
1
2
gǫab(f − i∗B)µνA
µaAνb
−
1
4
(
DµA
a
ν −DνA
a
µ
)2
, (21)
and LGF+FP is the gauge fixing and FP ghost term,
LGF+FP =
α
2
(φa)2 + φa(DµAaµ) +
β
2
(φ)2 + φ(∂µaµ)
+iC¯aD2Ca − ig2ǫabǫcdC¯aAbµA
µcCd
+iC¯agǫab(DµAbµ)C
3 + iC¯3∂2C3 + iC¯3∂µ(gǫabAaµC
b). (22)
Since there is only one diagonal component in the SU(2) gauge group, we omit the
diagonal index and replace the structure constant fABC by an anti-symmetric tensor
ǫab := ǫab3.
It may seem that this theory with the total Lagrangian (20) is renormalizable,
because it appears to be equivalent to the ordinary Yang-Mills theory, since Bµν
is the auxiliary field. However, this is not the case. Actually, we will show that
undesirable divergent terms which are absent in the original Lagrangian are induced
as quantum effects; that is, the renormalizability of this theory is spoiled. For this
reason, we should modify this theory by requiring renormalizability.
First, we consider the gauge invariant part, Linv. There are two kinds of unde-
sirable divergence in this theory. One of them comes from the quartic off-diagonal
gluon interaction through the process (a) of Fig. 1. The other is the bilinear term
of the diagonal gluon aµ and the auxiliary field Bµν represented by the process (b)
of Fig. 1. Neither of these interactions exists in the original Lagrangian (20), and
hence we cannot absorb such divergences into the original theory by means of any
renormalization procedure.
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Even though we choose the parameters ρ and σ appropriately so that the above
two interaction terms are included in the theory from the beginning, we cannot
absorb all divergences into the original theory. The reason is as follows. The gauge
invariant part of the Lagrangian (obtained by choosing the parameters ρ and σ
appropriately),
L′inv = −
1− ρ2
4
(fµν)
2 −
1− ρσ
2
gǫabfµνA
µaAνb −
1− σ2
4
g2
(
ǫabAµaAνb
)2
−
1
4
(Bµν)
2 −
1
2
g∗Bµν
(
ρfµν + σǫabAµaAνb
)
−
1
4
(
DµA
a
ν −DνA
a
µ
)2
, (23)
possesses the interaction terms that we want. However, as compared with the origi-
nal SU(2) gauge theory, three more divergences 〈BµνBξη〉, 〈aµBξη〉 and 〈A
a
µA
b
νBξη〉
are induced by introducing the auxiliary field Bµν . Therefore we cannot absorb
completely the three new divergences only in the auxiliary field Bµν . Of course,
if there are some relations between these three divergences, like the Ward identity,
it may be possible to do so. However, regrettably, as shown explicitly in the next
section, there is no such relation, at least between two propagators 〈BµνBξη〉 and
〈aµBξη〉. Therefore we must take into account the renormalization of the two addi-
tional parameters ρ and σ to preserve the renormalizability of our theory so that we
have totally three renormalizable quantities together with Bµν . Thus it is possible
to absorb all divergences and we can obtain a renormalizable Lagrangian. In other
words, by taking account of not only the renormalization of the auxiliary fields Bµν
but also that of the two parameters ρ and σ, the renormalizability of our original
Lagrangian is preserved.
Next, we proceed to examine the gauge fixing part SGF+FP. Because of the non-
linearity of the MA gauge, this gauge fixing part (22) has a significant distinction
from that in the covariant gauge, the existence of the C¯CAA interaction, which is
the fourth term of the integrand of Eq. (19). Since this interaction is shown to induce
a divergent quartic ghost interaction term through the process (c) in Fig. 1, in spite
of the absence of such terms in the original Lagrangian, we should introduce the
quartic ghost interaction term from the beginning. The way of introducing such an
interaction is not unique, and hence we have proposed the modified MA gauge fixing
condition in Ref. 15). According to the modified MA gauge fixing, the gauge fixing
term (22) is rewritten as
L′GF+FP =
α
2
(φa)2 + φa(DµAaµ) +
β
2
(φ)2 + φ(∂µaµ)
+iC¯aD2Ca − ig2ǫabǫcdC¯aAbµA
µcCd
+iC¯agǫab(DµAbµ)C
3 + iC¯3∂2C3 + iC¯3∂µ(gǫabAaµC
b).
−ζgǫabiφaC¯bC3 +
ζ
4
g2ǫabǫcdC¯aC¯bCcCd. (24)
The only difference between the ordinary MA gauge (22) and the modified one (24)
is the last two terms in the latter. Owing to the existence of the quartic ghost
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interaction term in the original Lagrangian, the gauge fixing part of the Lagrangian
restores its renormalizability.
Moreover, the introduction of the quartic ghost interaction is very important
from a more physical viewpoint. When a quartic ghost interaction exists, we find
that ghost condensation occurs. Then the off-diagonal gluons and the off-diagonal
ghosts acquire their masses in the ghost condensed phase. Therefore, the Abelian
dominance which was previously postulated is understood as a natural result of
these phenomena. However, we do not give further explanation of the ghost self-
interaction terms here, because they do not affect the results obtained in this paper.
More detailed discussion is given in Ref. 15).
Since our starting Lagrangian L = L′inv+L
′
GF+FP is renormalizable after taking
account of renormalizations of the auxiliary field Bµν and the two parameters ρ and
σ, the β-function and the anomalous dimensions are well-defined, so that we can
obtain them unambiguously. Because of the existence of quantum corrections of
Bµν , ρ and σ, quantum corrections to propagators and vertices are different from
those in the ordinary Yang-Mills theory. However, we expect that the individual
anomalous dimensions of the quantities included in the original Yang-Mills theory,
in particular the β-function, remain the same. In fact, after the calculations in the
next section, the resulting β-function, the anomalous dimensions of diagonal gluon,
γa and those of the Abelian gauge fixing parameter γβ are seen to be the same as the
original ones. Thus these results obtained in the next section are far from trivial.
We define the APEGT as an Abelian gauge theory which is expressed in terms
of only the diagonal components aiµ and B
i
µν (and diagonal ghosts C¯
i and Ci).
Therefore, in order to obtain the APEGT, the off-diagonal components Aaµ, C¯
a and
Ca must be integrated out in a certain sense, which is discussed in the next section.
Hence, the “renormalizability” of the APEGT implies that all the divergent terms
made of only diagonal fields in the APEGT can be removed consistently after the
prescription of the renormalization. Therefore, in order to obtain a renormalizable
APEGT, we have only to worry about the contribution of the divergent graphs
with only diagonal fields as external legs. Of course, miscellaneous terms with off-
diagonal fields and higher derivative terms are generated as quantum effects, but we
are concerned with the situation in which such terms are not relevant (see Ref. 22)
for more details). According to Abelian dominance, we can expect that such a
situation is realized in the low-energy regime of QCD. In fact, Abelian dominance
is understood as a consequence of dynamical mass generation of off-diagonal gluons
and off-diagonal ghosts, as shown in Ref. 15).
§4. Renormalization and renormalization-group functions
4.1. The total Lagrangian and the U(1)N−1 symmetry
The total Lagrangian is obtained by summing up (10), (12) and (19):
L = −
1− ρ2
4
(
f iµν
)2
−
1− ρσ
2
gf iµνf
ibcAµbAνc −
1− σ2
4
g2
(
f ibcAbµA
c
ν
)2
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−
1
4
(
Biµν
)2
+
i
2
Biµν
∗Qµνi −
1
4
[
DµA
a
ν −DνA
a
µ + gf
abcAbµA
c
ν
]2
+
α
2
(φa)2 + φaF a +
β
2
(φi)2 + φiF i
+iC¯aD2Ca − ig2fabif icdC¯aAbµA
µcCd + igfabcC¯aDµ(AbµC
c)
+iC¯i∂2Ci + iC¯i∂µ(gf ibcAbµC
c) + iC¯agfabiF bCi. (25)
We separate each field Φ into the background (classical field) Φ¯ and the quantum
fluctuation field Φ˜ as Φ = Φ¯+ Φ˜. We then have
Aµ = A¯µ + A˜µ, Bµν = B¯µν + B˜µν , φ = φ¯+ φ˜, C = Ccl + C˜, C¯ = C¯cl +
˜¯C.
(We have used different notation for the ghost and anti-ghost field to avoid unnec-
essary confusion.) Here the background field Φ¯ is assumed to satisfy the equation of
motion.∗) Substituting this decomposition into (25), we find that the terms linear in
the fluctuation field Φ˜ vanish due to the equation of motion∗∗)
δS[Φ¯]
δΦ¯
= 0, (26)
since
S[Φ¯+ Φ˜] = S[Φ¯] + Φ˜
δS[Φ]
δΦ
∣∣∣∣∣∣
Φ=Φ¯
+O(Φ˜2). (27)
By taking into account
(DµΦ)
a = ∂µΦ
a + gfaib(A¯+ A˜)iµΦ
b = (D¯µΦ)
a + gfaibA˜iµΦ
b (28)
and
∂µΦ
i = (D¯µΦ)
i, (29)
it turns out that the derivative ∂µ in the Lagrangian can be replaced by the covariant
derivative D¯µ := Dµ[A¯
i] with respect to the background Abelian gauge field A¯i.
After this replacement, the background Abelian gauge field A¯iµ appears only in the
gauge fixing term φ¯i∂µA¯
i
µ for the background Abelian gauge field A¯
i
µ. Therefore,
L − φ¯i∂µA¯
i
µ is invariant under the following U(1)
N−1 rotation:

δA¯iµ = ∂µθ
i,
δΦi = 0, (Φ = B¯, φ¯, Ccl, C¯cl, A˜, B˜, φ˜, C˜,
˜¯C)
δΦa = −gfabiΦbθi. (Φ = A¯, φ¯, Ccl, C¯cl, A˜, φ˜, C˜,
˜¯C)
(30)
That is to say, under the residual gauge transformation, all the diagonal fields but A¯iµ
are invariant, while an off-diagonal field behaves as a charged matter field. (Note that
∗) This standpoint is different from that adopted in the previous paper. 7) However, it is always
possible to translate between the results obtained there and here. (See the footnotes below.)
∗∗) Even if Φ¯ does not satisfy the equation of motion, the cross term between the diagonal field
and the off-diagonal field can disappear, as tr[Φ˜aT af(Φ¯i)T i] = Φ˜af(Φ¯i)tr(T aT i) = 0. This is the case
for the MA gauge, where the background field has a diagonal component alone, and the fluctuation
field is given by the off-diagonal components alone, i.e., Φ¯ = ΦiT i, Φ˜ = ΦaT a.
10 Renormalizable Abelian-Projected Effective Gauge Theory
Bµν has no off-diagonal component.) Even after having performed the integration
over the fluctuation fields, Leff − φ¯
i∂µA¯
i
µ has a residual symmetry given by

δA¯iµ = ∂µθ
i,
δΦi = 0, (Φ = B¯, φ¯, Ccl, C¯cl, )
δΦa = −gfabiΦbθi. (Φ = A¯, φ¯, Ccl, C¯cl)
(31)
The resulting effective Lagrangian reads
Leff − φ¯
i∂µA¯
i
µ = −
Z−1
Ai
4
(
f¯ iµν
)2
−
Z−1B
4
(
B¯iµν
)2
+
i
2
Z−1ABB¯
i
µν
∗f¯µνi
−
Z−1Aa
4
(
D¯µA¯
a
ν − D¯νA¯
a
µ
)2
+ · · · . (32)
We can observe that the renormalization for g and A¯Aµ ,
g = ZggR, A¯
i
µ = Z
1/2
Ai
(A¯R)
i
µ, A¯
a
µ = Z
1/2
Aa (A¯R)
a
µ, (33)
leads to
D¯µA¯
a
ν =
(
∂µδ
ab + gfaibA¯iµ
)
A¯bν
= Z
1/2
Aa
[
∂µδ
ab + ZgZ
1/2
Ai
gRf
aib(A¯R)
i
µ
]
(A¯R)
b
ν . (34)
Hence, renormalizability requires the relation
ZgZ
1/2
Ai
= 1. (35)
This relation can also be derived from the Ward-Takahashi identity for the residual
U(1)N−1 symmetry, which is preserved due to the nature of the background field
method, 18) as has been demonstrated in the SU(2) case (N = 2). 7)
4.2. General consideration
If we perform the functional integration over the fluctuation fields, a divergence
appears as a quantum effect. This divergence can be removed by renormalization
of the fields (Φ¯, Φ˜), the coupling constant g, and the two parameters ρ and σ. To
simplify the argument, we first consider the divergence appearing in the sub-graph
with external lines Φ˜. Since Φ¯ does not appear in the internal lines, we can set
Φ¯ = 0. Hence we consider L˜, which is obtained from (25), by replacing Φ with Φ˜.
After integrating over B˜ and φ˜ in L˜, we obtain
L˜ = −
1
4
(
F˜Aµν
)2
+ L˜GF+FP , (36)
L˜GF+FP := −
1
2α
(
F˜ a
)2
−
1
2β
(
F˜ i
)2
+i ˜¯C
a
D˜2C˜a − ig2fabif icd ˜¯C
a
A˜bµA˜
µcC˜d + igfabc ˜¯C
a
D˜µ(A˜bµC˜
c)
+i ˜¯C
i
∂2C˜i + i ˜¯C
i
∂µ(gf ibcA˜bµC˜
c) + i ˜¯C
a
gfabiF˜ bC˜i, (37)
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where D˜µ := Dµ[A˜
i
µ]. Thus we find that L˜ depends on neither ρ nor σ. It can
be shown that the divergence can be absorbed into the renormalization of A˜Aµ , C˜
A,
˜¯CA and g by multiplicative renormalization. Then the renormalization constant Zg
of g is independent of ρ and σ, and hence the β-function is also independent of ρ
and σ. The simplest way to determine the renormalization of A˜Aµ , C˜
A, ˜¯CA and g
is to consider the renormalization of the propagators of A˜Aµ , C˜
A and ˜¯CA and of the
A˜µC˜
˜¯C-vertex. Nevertheless, it would be rather difficult to calculate the higher-point
vertex when we consider the higher loop effect. In any case, L˜ does not depend on ρ
and σ and therefore we do not have to consider the renormalization of the internal
lines hereafter.
Next, we evaluate the graph which has only A¯iµ and B¯
i
µν as its external lines.
We do not have to consider the renormalization of internal lines Φ˜, since Φ˜ appears
only in the internal lines, and the renormalization of Φ˜ has been performed in the
previous step. This fact is well known in the context of the background field method
(see Ref. 18)). We have only to consider the renormalization of A¯iµ, B¯
i
µν , g, ρ and σ.
Setting Φ¯a = 0 (the absence of off-diagonal background fields) and integrating over
B˜iµν and φ˜ in the Lagrangian,
∗) we obtain
L = L¯c −
1− ρσ
2
gf¯ iµνf
ibcA˜µbA˜νc −
1
4
σgǫµνρσB¯iµνf
ibcA˜bρA˜
c
σ
−
1
4
(
D¯µA˜
a
ν − D¯νA˜
a
µ
)2
− gfabc
(
D¯µA˜
a
ν
)
A˜µbA˜νc
−
1
4
(
F˜Aµν
)2
+ L˜GF+FP[D˜ → D], (38)
where the last term L˜GF+FP[D˜ → D] is obtained by replacing D˜ withD from L˜GF+FP
and
L¯c = −
1− ρ2
4
(
f¯ iµν
)2
−
1
4
(
B¯iµν
)2
+
i
2
ρB¯iµν
∗f¯µνi −
1
2β
(
∂µA¯iµ
)2
. (39)
It is not difficult to see that the renormalization of A¯iµ, B¯
i
µν , g and ρ is sufficient
at the one-loop level. In fact, the classical (background field) part is given by L¯c,
which does not contain σ. The renormalization of σ does appear at the two-loop level.
An advantage of the background field method is that we have only to calculate the
vertex function at the one-loop level to know the renormalization of σ at the two-loop
level. Furthermore, it is enough to consider the three propagators A¯iµ-A¯
j
ν , B¯
i
µν-B¯
j
ξη
and A¯iµ-B¯
j
ξη in order to obtain the β-function (at the one-loop level). The reason
∗) This could correspond to the Abelian dominance in the sense that the off-diagonal components
are negligible in the low-energy region of QCD. In other words, the off-diagonal component does not
have a low-energy mode from the viewpoint of the Wilsonian renormalization group. In contrast to
the off-diagonal component, the diagonal component has both high-energy and low-energy modes.
In the present treatment, the high-energy modes of the diagonal and the off-diagonal components
are integrated out, although the integration of the diagonal high-energy mode was ignored in the
previous treatment. 7) However, the result is unchanged, at least at the one-loop level (see Ref. 16)
for more details).
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is as follows. At first glance, we need five relationships that completely specify the
renormalization of A¯iµ, B¯
i
µν , g, ρ and σ. However, we have an additional relation (35)
between the renormalization constants for A¯iµ and g, and we do not have to consider
the renormalization of σ at the one-loop, as mentioned above. In order to determine
all the renormalization factors, therefore, we need only three independent relations
(at least at the one-loop level), which are provided by the renormalization conditions
(counterterms) of three propagators, as calculated below.
4.3. Feynman rules
The Feynman rules are given as follows (see Fig. 2). We give only those rules
that are necessary for the renormalization at the one-loop level. The two-loop result
will be given in a subsequent paper. 16)
4.3.1. Propagators
(a) Fluctuation off-diagonal gluon propagators:
iDabµν = −
i
p2
[
gµν − (1− α)
pµpν
p2
]
δab. (40)
(b) Fluctuation off-diagonal ghost propagators:
i∆ab = −
1
p2
δab. (41)
(a) a, µ b, ν
p
(b) a b
p
(c)
p
q
r
i, µ
a, ρ
b, σ
(d) p
q
i, µ
a
b
(e)
i, µν
a, ρ
b, σ
(f)
i, µ
j, ν
a, ρ
b, σ
(g)
i, µ
j, ν
a
b
Fig. 2. The graphs in (a) and (b) represent fluctuation-field propagators. The (rapidly vibrating)
wavy line denotes the fluctuation off-diagonal gluon A˜aµ, and the broken line denotes the fluc-
tuation ghost C˜a or anti-ghost ˜¯C
a
. The graphs in (c), (d) and (e) are three-point vertices,
and those in (f) and (g) are four-point vertices. The (slowly vibrating) wavy line corresponds
to the background diagonal gluon A¯iµ, while the zig-zag line corresponds to the background
anti-symmetric tensor field ∗B¯iµν .
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4.3.2. Three-point vertices
(c) One diagonal and two off-diagonal gluons:
i
〈
A¯iµ(p)A˜
a
ρ(q)A˜
b
σ(r)
〉
bare
= gf iab
[
(q − r)µ +
{
r − (1− ρσ)p+ qα
}
ρ
+
{
(1− ρσ)p− q − rα
}
σ
]
, (42)
where we have introduced the abbreviated notation
[[Aµ +Bρ + Cσ]] = Aµgρσ +Bρgσµ + Cσgµρ. (43)
(d) One diagonal gluon, one off-diagonal ghost and one anti-ghost:
i
〈
A¯iµ
˜¯C
a
(p)C˜b(q)
〉
bare
= i(p + q)µgf
aib. (44)
(e) One diagonal tensor and two off-diagonal gluons:
i
〈
∗B¯iµνA˜
a
ρA˜
b
σ
〉
bare
= −σg(gµρgνσ − gµσgνρ)f
iab. (45)
4.3.3. Four-point vertices
(f) Two diagonal gluons and two off-diagonal gluons:
i
〈
A¯iµA¯
j
νA˜
a
ρA˜
b
σ
〉
bare
= ig2faicf cjb
[
2gµνgρσ −
(
1−
1
α
)
(gµρgνσ + gµσgνρ)
]
.
(46)
(g) Two diagonal gluons, one off-diagonal ghost and one anti-ghost:
i
〈
A¯iµA¯
j
ν
˜¯C
a
C˜b
〉
bare
= −2g2faicf cjbgµν . (47)
4.4. Counterterms
By substituting the following renormalization relations into the Lagrangian (39),
A¯iµ = Z
1/2
A (A¯R)
i
µ, B¯
i
µν = Z
1/2
B (B¯R)
i
µν , ρ = ZρρR, g = ZggR, (48)
we obtain
L¯AB = −
1− ρ2
4
(
f¯ iµν
)2
+
i
2
ρB¯iµν
∗f¯µνi −
1
4
(
B¯iµν
)2
= −
1− Z2ρρ
2
R
4
ZA
[
(f¯R)
i
µν
]2
+
i
2
ZρZ
1/2
A Z
1/2
B ρR(B¯R)
i
µν
∗(f¯R)
µνi
−
1
4
ZB
[
(B¯R)
i
µν
]2
. (49)
On the other hand, the renormalized Lagrangian with the counterterm is written as
L¯AB = −
1− ρ2R
4
[
(f¯R)
i
µν
]2
+
i
2
ρR(B¯R)
i
µν
∗(f¯R)
µνi −
1
4
[
(B¯R)
i
µν
]2
−
δ1
4
[
(f¯R)
i
µν
]2
+
i
2
δ2(B¯R)
i
µν
∗(f¯R)
µνi −
δ3
4
[
(B¯R)
i
µν
]2
. (50)
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By equating (49) and (50), we find
δ1 = Z
(1)
A −
(
Z
(1)
A + 2Z
(1)
ρ
)
ρ2R,
δ2 =
(
Z(1)ρ +
1
2
Z
(1)
A +
1
2
Z
(1)
B
)
ρR,
δ3 = Z
(1)
B , (51)
where we have used the expansion of the renormalization factor ZΦ = 1 + Z
(1)
Φ +
Z
(2)
Φ + . . . , with Z
(n)
Φ being the n-loop contribution.
4.5. β-function and anomalous dimension
The three propagators
〈
(A¯R)
i
µ(A¯R)
j
ν
〉
,
〈
(A¯R)
i
µ
∗(B¯R)
j
ξη
〉
and
〈
∗(B¯R)
i
µν
∗(B¯R)
j
ξη
〉
are obtained by calculating the Feynman graphs shown in Fig. 3, based on the
Feynman rule given in Fig. 2. Consequently, (a1)+(a2)+(a3)+(a4), (b) and (c) give
the counterterms of the respective propagator defined by
i
〈
(A¯R)
i
µ(A¯R)
j
ν
〉
counter
= −iδ1(q
2gµν − qµqν)δ
ij ,
i
〈
(A¯R)
i
µ
∗(B¯R)
j
ξη
〉
counter
= iδ2(qξgµη − qηgµξ)δ
ij ,
i
〈
∗(B¯R)
i
µν
∗(B¯R)
j
ξη
〉
counter
= −iδ3(gµξgνη − gµηgνξ)δ
ij . (52)
Straightforward but somewhat tedious calculations employing dimensional regular-
ization determine δ1, δ2 and δ3 as
δ1 = δa1 + δa2 =
[
(2− ρRσR)
2 −
1
3
+
1− αR
2
(2− ρRσR)ρRσR
]
(µ−ǫgR)
2
(4π)2
C2(G)
ǫ
,


δa1 =
1
3
(µ−ǫgR)
2
(4π)2
C2(G)
ǫ
,
δa2 =
[
(2− ρRσR)
2 −
2
3
+
1− αR
2
(2− ρRσR)ρRσR
]
(µ−ǫgR)
2
(4π)2
C2(G)
ǫ
,
(a1)
i, µ j, ν
q
p
p+ q
(a2)
i, µ j, ν
q
p
p+ q
(a3)
i, µ j, ν
p
q
(a4)
i, µ j, ν
p
q
(b)
i, µ j, ξη
q
p
p+ q
(c)
i, µν j, ξη
q
p
p+ q
Fig. 3. Vacuum polarization graphs that are necessary to obtain three propagators (52) at the
one-loop level.
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δ2 =
[
σR(2− ρRσR)−
1− αR
2
σR(1− ρRσR)
]
(µ−ǫgR)
2
(4π)2
C2(G)
ǫ
,
δ3 = −
1 + αR
2
σ2R
(µ−ǫgR)
2
(4π)2
C2(G)
ǫ
, (53)
where δa1 and δa2 are the contributions from the graphs (a1) and (a2) in Fig. 3
respectively.∗) C2(G) is a quadratic Casimir operator defined by C2(G)δ
AB =
fACDfBCD and C2(G) = N for G = SU(N). For a special choice of the parameters,
ρ = σ = 0 and α = 0, δ1 has been calculated by Quandt and Reinhardt,
8) at least
for SU(2). Finally, by equating (51) and (53), we obtain
Z
(1)
A =
11
3
(µ−ǫgR)
2
(4π)2
C2(G)
ǫ
,
Z
(1)
B = −
1 + αR
2
σ2R
(µ−ǫgR)
2
(4π)2
C2(G)
ǫ
,
Z(1)ρ =
[
−
11
6
−
σ2R
2
+ 2
σR
ρR
−
1− αR
2
(
σR
ρR
−
σ2R
2
)]
(µ−ǫgR)
2
(4π)2
C2(G)
ǫ
. (54)
The renormalization factor of the coupling constant is obtained from (35) as
Z(1)g = −
1
2
Z
(1)
A = −
11
6
(µ−ǫgR)
2
(4π)2
C2(G)
ǫ
. (55)
This implies that the renormalization of g is independent of ρ, σ and the gauge
parameter α. Therefore, the β-function is also independent of the choice of ρ, σ and
the gauge parameter α. The resulting β-function coincides exactly with the one-loop
β-function of the original SU(N) Yang-Mills theory,
β(gR) := µ
∂gR
∂µ
= −gRµ
∂
∂µ
lnZg = −
b0
(4π)2
g3R +O(g
5
R), b0 =
11
3
C2(G), (56)
exhibiting asymptotic freedom. Moreover, the anomalous dimensions of the fields
A¯iµ and B¯
i
µν and the parameters ρ and β are obtained as
γA(g) =
1
2
µ
∂
∂µ
lnZA = −
11
3
C2(G)
g2R
(4π)2
,
γB(g) =
1
2
µ
∂
∂µ
lnZB =
1 + αR
2
σ2RC2(G)
g2R
(4π)2
,
γρ(g) = −ρRµ
∂
∂µ
lnZρ
= −2ρR
[
11
6
+
σ2R
2
− 2
σR
ρR
+
1− αR
2
(
σR
ρR
−
σ2R
2
)]
C2(G)
g2R
(4π)2
,
γβ(g) = −βRµ
∂
∂µ
lnZA = −2γA(g)βR. (57)
∗) In fact, the contributions from (a1) and (a2) are transverse, as suggested by the background
field method. 18) By contrast, both contributions from (a3) and (a4) vanish in the dimensional
regularization.
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It turns out that the anomalous dimension depends in general on the gauge parameter
α. But γA is independent of α, as expected from the background field method.
18)
§5. Conclusion and discussion
By requiring renormalizability, we have derived a renormalizable APEGT as a
low-energy effective theory of QCD. The essential part is given by
LAPEGT = −
1− ρ2R
4
[
(f¯R)
i
µν
]2
−
1
4
[
(B¯R)
i
µν
]2
+
i
2
ρR(B¯R)
i
µν
∗(f¯R)
µνi. (58)
The coupling constant gR in the APEGT runs according to the β-function, which is
exactly the same as in the original Yang-Mills theory. The obtained β-function is
independent of the parameters ρ and σ and the gauge fixing parameter α of the MA
gauge.
The advantages of the renormalizable APEGT are as follows. Thanks to the
renormalizability, the relation between the dual field Bµν and the original field fµν
is preserved after the renormalization:
(B¯R)
i
µν = iρR
∗(f¯R)
i
µν . (59)
Note that σ does not appear in this relation, simply because we have set A¯aµ = 0 in
the derivation of (39). Moreover, we can switch the APEGT to the electric theory
by putting ρR = 0, in which case we have
LA = −
1
4g2R
[
(f¯R)
i
µν
]2
, (60)
where we have rescaled the field by the coupling constant. Hence we can avoid the
unnatural argument used for deriving this form given in Eq. (2.58) of Ref. 7). We
thus find that the APEGT is expected to be closed at each loop.
In a similar way, we can switch the APEGT to another theory by setting ρR = 1,
which yields
LB = −
1
4
[
(B¯R)
i
µν
]2
+
i
2gR
(B¯R)
i
µν
∗(f¯R)
µνi, (61)
without an unusual renormalization factor. This is a candidate of the magnetic
theory, as demonstrated in §IV of Ref. 7). Moreover, after decomposing the anti-
symmetric tensor Biµν into the (dual) gauge field b
i
µ using the Hodge decomposition
and integrating out biµ,
∗) we obtain the monopole action,
SM [k] =
∫
d4x
∫
d4y
1
g2R
kµ(x)Dµν(x, y)k
ν(y), (62)
where Dµν(x, y) is the massless vector propagator and k
µ is the magnetic monopole
current defined by
kµ := ∂ν
∗f¯µνR . (63)
∗) To be more precise, we must integrate out the moduli characterizing the solution of the
equation of motion when biµ is regarded as a solution of the equation of motion.
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This derivation should be compared with that of Eq. (4.4) in Ref. 7).
An off-diagonal gluon mass is generated by the quartic ghost interaction, which
is necessary for renormalizability, 19) since the MA gauge is a nonlinear gauge (see
Refs. 15),20) and 21) for details). It is desirable to include this effect in the APEGT
within the above framework. Such a study will be reported in Ref. 16). Another
important question to be answered is whether the above derived structure of the
APEGT is preserved at the two-loop level. These issues too will be discussed in
Ref. 16).
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